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M E T H O D S  OF I N V E S T I G A T I N G  T H E  S O L V A B I L I T Y  O F '  

S Y S T E M S  OF . L I N E A R  E Q U A T I O N S  OF T H E R M O A N E M O M E T R Y  

M. H o f f m e i s t e r  a n d  G .  S e i f e r t  UDC 532.57 

Use of thermoanemometry for the investigation of turbulent flows often leads to systems of Lin- 
ear equations that are difficult to solve. A numerical method of solution, in which measurement 
errors are taken into account approximately, is proposed for the investigation of solvability of 
such systems of equations. 

As we know, the heat emis s ion  f rom a heated f i lament  to its surrounding medium depends on the modulus 
and d i rec t ion  of the vec tor  of the velocity re la t ive  to  the f i lament ,  as well  as on the t e m p e r a t u r e  of the fiLa- 
ment  and the medium. F o r  sufficiently smal l  veloci t ies  of the flow it depends on the orientat ion of the fiLament 
in the field of the force  of gravi ty  and to a smaLL degree  on the construct ion of the probe and the stat ic p r e s s u r e  
of the medium (see, for  example ,  [1-4]). The value of the e lec t r ic  voltage at the output of the t h e r m o a n e m o m -  
e t e r  c h a r a c t e r i z e s  the heat  exchange of the f i lament  and the re fo re ,  as a rule ,  is a function of s eve ra l  p a r a m -  
e t e r s  cor responding  to the cases  mentioned above. When ca r ry ing  out and process ing  m e a s u r e m e n t s  we f i r s t  
and fo r emos t  pursue  the objective by means  of di f ferent  methods of m e a s u r e m e n t  - for  exampLe, using muLti- 
f i lament  t r ansduce r s  or  successiveLy ca r ry ing  out m e a s u r e m e n t s  with different  posi t ions of the fiLament in a 
s ta t ionary  flow - to obtain a s y s t em  of equations which is soLvable re la t ive  to the individual p a r a m e t e r s  of 
flow that a re  of in te res t  to us. 

The p re sen t  work  contains analyt ical  invest igat ions on the bas i s  of the so-ca l led  cosine law [1] and in-  
ves t iga t ions  by the [east  squares  method [5-8] of the m a t r i c e s  of s y s t e m s  of l inear  equations of t h e r m o a n e m o m -  
e t r y .  Separa te  cons idera t ion  is given to the methods of measur ing  with a s ing le - f i l ament  t r ansduce r  to d e t e r -  
mine the ave rage  velocity vec to r  and Reynolds s t r e s s e s  in s ta t ionary turbulent  flows which in the genera[  case  
a r e  three--dimensionaL It is assumed that the fluid is Newton[an, i so the rmal ,  homogeneous,  and i n c o m p r e s -  
sible.  The bas ic  proposi t ions  of these invest igat ions a re  presented  in [9-12] and wiLL be repeated here  to the 
extent which is n e c e s s a r y  for  the understanding of the p re sen t  work.  

1. A p p l i c a t i o n  of the " C o s i n e  Law" 

A quadratic approximation of the three-dimensionaL caLibration characteristic of the probe according to 
[11] leads to the following relatior/between the single-point moments of the velocity field and the output voltage 
of the thermoanemometer: 

( a i + ~ h  J A~vf) Aw i w~w~ ~ +biJ  ~2 AF (i, ] ~  1, 2, 3), (1) 
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a, aj~, 4a,~.i h k ~  .4_4-b,hby, "c = ~biib~, ~c = 
c 

.... ' ' 2~zi by~-/-4bijbkz " - - F '  (i, ], k, l 1, 2, 3). (2) "" D " }a + b o b ~  - .  - = c ] c* 

Summat ion  is c a r r i e d  out with r e s p e c t  to the repea ted  indices .  

The Linear and quadra t i c  sens i t iv i ty  coef f ic ien t s  ai and bij a r e  funct ions of ay .  This  angle can be var ied  
in s u c c e s s i o n  (see Fig .  1) by ro ta t ing  the p robe  about  its axis .  The c o r r e s p o n d i n g  sequence of m e a s u r e m e n t s  

and F '2 f o r m s  a s y s t e m  of equat ions  with the p a r a m e t e r  3 y .  The solut ion of this nonl inear  s y s t e m  can be 
reduced  by an i t e ra t ive  method to the solut ion of a l inear  s y s t e m  of equat ions ,  w h e r e  in the f i r s t  i t e ra t ions  we 
shal l  neglect  the non l inea r  t e r m s  within p a r e n t h e s e s  in the s y s t e m  of equat ions  (1), (2). The solvabi l i ty  of s y s -  
t e m s  of l inear  equa t ions  obtained in this way is subsequent ly  to be inves t igated .  

F o r  the case  of a t r a n s d u c e r  wi th  an inclined f i lament ,  with the condi t ion that the heat  e m i s s i o n  of the 
f i l ament  depends  only on the veloci ty  componen t  p e r p e n d i c u l a r  to the f i l ament  (see [9]), we obtain 

n 
B t & y ;  ~y) B ~  A " ' " - - ,  -- ,.~ [ o ([3r) ~ A1 (~y) cos a r + A s ([3~) cos 2%1 z (3) 

whe re 

l 
- -  cos 2 ~y (3cos 2~, + 1) --  sin2~,; A~ ([}'~) = 4 

2 

1 sins Y cos" ~ .  

Using the relations for linear sensitivity coefficients given in [12], and omitting for the sake of simplicity the 
notation (-) for the point of expansion (with the exception of the example at the end of the paper), from (3) and 

2 t- T, § + op,. - 
2 

B, n [ B(mr; ~.v) ] ' - =  {2Ao + 2Atcosa,. + 2A., cos 2%}, (5) 
a., - -  ~ 2 B~. 

2 

aa-~ . ~. -~-  B~. cos ~. cos l~y sin 2%, . 

(4) we obtain 

The expression 

4 4 

bl I n ,-J r l --- D_~. i B(ay; ~y) iI-~- ,~] B(kll) (~v)COS(kmy ) (6) 
/ : ~ L  .] ~ l l  B-w k=O 

\ i  / I /z2  

Fig.  1. D i a g r a m  of a s i ng l e - f i l amen t  t r an sduce r .  The 
heated f i l ament  lies in the YlY2 plane;  the z 3 axis  l ies  
in the Y2Ya plane. ]~:J = ~ = w2- 
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is given only to explain the s t ruc tu re  of the quadrat ic  sensi t ivi ty  coefficients .  The coeff icients  enter ing into 
this express ion  have the fo rm 

~ ,  1 o 1 2  [ (  0Ao '~ 2 
B{o"~ (IIy) --- Ao ~ -~- Ai -t---~- A~ W P O~y / 

1 [ OAI ~z I { OA, ,~2] 1 O'A o l - 0 2 A ,  1 0'_.__A~ ( 7 )  

and they depend not only on the functions A0(fly), A t (fly), and A2(fly), and the i r  f i r s t  and second der iva t ives  
with r e spec t  to @, but a lso  on the modulus of the velocity c: 

{c"B ~ B(ccy; [~y) 

T - l  8 

Neglecting the t e r m s  with quadrat ic  sensi t ivi ty  coeff icients  in Eqs,  (1) and (2), we f i r s t  cons ider  the 
case  of l inear  approximat ion of the ca l ibra t ion  cha rac t e r i s t i c  of the t r ansducer .  Symmet ry  of the coeff icients  
ai re la t ive  to ay  allows us to separa te  the s y s t ems  obtained f rom (1) and (2) (see [10, 11]), which leads to the 
necess i ty  of investigating the p rope r t i e s  of the following four  m a t r i c e s :  

~iGt, = {%1, (9b) 

�9 = 2ala2}, (9c) 

~RU = {2alas, 2a2a3}. (9d) 

I t  is obvious that the expres s ions  in f ront  of the curly b racke t s  in Eq. (5) have no effect  on the re la t ion between 
the column vec to rs  of the m a t r i c e s  (9). The column vec to r s  of in te res t  to us a re  in e s sence  a l inear  co mb in a -  
tion of " t r igonomet r i c"  vec to rs .  In the case  of the ma t r ix  (9e) they have,  for  example ,  the fo rm cos (may) 
for  m = 0, 1, 2, 3, 4. It can be shown that these five t r igonomet r ic  vec to rs  (we shall  cal l  them base  vec tors )  
a re  l inear ly independent, with cer ta in  s imple  exceptions.  F o r  example ,  for  a t r ansduce r  with inclined f i l a -  
ment  we find that for  0 < 7 < ~ / 2  and 7 - l r /2  < fly < ~ / 2  (fly r 0) the number  of base  vec to r s  serving for  
the format ion  of column vec to r s  is g r e a t e r  than the number  of columns.  Hence,  it follows that l inear  depen-  
dence ex is t s  only under ce r ta in  conditions which mus t  be sat isf ied by the coeff ic ients  of the base  vec tors .  
Subsequently,  we cons ider  c a s e s  in which the number  of base  vec to r s  in the m a t r i c e s  under considera t ion is 
less  than the number  of column vec t o r s ,  i .e. ,  cases  where  l inear  dependence exis ts .  Thus,  for  the case  of a 
no r ma l  t r ansduce r  for  7 = ~r/2 and - ~ / 2  < fly < 7r/2 (fly ~ 0) the column vec to rs  of the ma t r ix  (9c) a re  made 
up only of the three  base  vec to r s  1, cos 2ay ,  cos  4ay.  Linear  dependence mus t  exis t  for  four columns made 
up of these three  base  vec to r s .  S imi lar  a rguments  can be developed for  the remain ing  three  m a t r i c e s  (9) and 
for  the other  angles ~ and @. 

The m a t r i c e s  obtainable in the case  of quadrat ic  approximat ion  of the cal ibrat ion cha rac t e r i s t i c  of the 
t r ansduce r s  f rom Eqs.  (1) and (2), when we neglect the nonl ineari t ies  and use the s y m m e t r y  condition of the 
sensi t ivi ty  coeff ic ients ,  will  not be invest igated here  in detai l  (see [11]). 

Impor tan t  is the fact  that  under the assumpt ion  

Q = n - -  1 - - n  - -  cn~ B(ay; ~y)_ ~ const (10) 
2E ~ 

the cor_respondi_ng l inear  and quadrat ic  sensi t ivi ty  coeff icients  become approximate ly  propor t iona l  to one an-  
other:  a2 ~ b22, a l  "~ b12, a3  ~ b23- F o r  the commonly adopted conditions of the invest igat ions 

B = l ;  0 .5<  -B(ay; [3r) ~ 1 ;  
B~ ~ /] 

�9 E~ m ) 
cn ~ ~0.8;  n = 0 . 5 ;  c , ~ 1 2 . s -  ~- 

(8) 
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we obta in  

- -  0.618--0.021 < Q < - -  0.618 + 0.021, 

which  m e a n s  that  the  g r e a t e s t  r e l a t i v e  d e v i a t i o n  of  th i s  funct ion f r o m  i t s  m e a n  va lue  r e a c h e s  3.5%. 

The  p r e s e n c e  of t h e s e  a p p r o x i m a t e  p r o p o r t i o n a l i t i e s  be tw e e n  the l i n e a r  and q u a d r a t i c  s e n s i t i v i t y  c o e f -  
f i c i e n t s  is  c o n f i r m e d  by c a l c u l a t i o n s ,  and th is  l e a d s  to  u n f a v o r a b l e  cond i t ion ing  p r o p e r t i e s  of the m a t r i c e s  

ob ta ined  f r o m  (1). 

A n a l o g o u s l y  to  Q, f o r  the e x p r e s s i o n  P f r o m  Eq.  (8) we have  

--0.405--0.005 <~ P < . - -  0.405+0.005, 

i . e . ,  i t  i s  a p p r o x i m a t e l y  a c o n s t a n t  quan t i ty .  In the c a s e  of q u a d r a t i c  a p p r o x i m a t i o n  of the c a l i b r a t i o n  c h a r -  
a c t e r i s t i c s  of the t r a n s d u c e r s ,  the c o l u m n  v e c t o r s  of the m a t r i c e s  on the b a s i s  of (6) and (7) can  be  r e d u c e d  
to a l i n e a r  c o m b i n a t i o n  of ba se  v e c t o r s .  On the whole ,  the me thod  of c o m p a r i n g  the n u m b e r  of b a s e  v e c t o r s  
wi th  the n u m b e r  of c o l u m n s  po in t s  to  r i g i d  c o n s t r a i n t s  on the s o l v a b i l i t y  cond i t i ons  of the s y s t e m s  of equa t ions  
ob ta ined  f r o m  (2). 

2 .  A p p l i c a t i o n  o f  t h e  L e a s t  S q u a r e s  M e t h o d  

In the f i r s t  p a r t  i t  was  shown that  in the so lu t ion  of the ( o v e r d e t e r m i n e d )  s y s t e m s  of l i n e a r  equa t i ons  
wh ich  r e s u l t  when the method  of m e a s t f r e m e n t  p r e s e n t e d  above  is  u sed ,  in c e r t a i n  c a s e s  d i f f i c u l t i e s  a r i s e ,  
s i nce  the  co lumn  v e c t o r s  of the coe f f i c i en t  m a t r i c e s  can  be l i n e a r l y  dependen t .  T h o u g h t l e s s  a p p l i c a t i o n  of the 
l e a s t  s q u a r e s  method  can  then lead to  p h y s i c a l l y  m e a n i n g l e s s  r e s u l t s .  T h e r e f o r e ,  be low we p r e s e n t  a s i m p l e  
n u m e r i c a l  method  of c h e c k i n g  l i n e a r  i ndependence  of co lumn  v e c t o r s ;  in o t h e r  w o r d s ,  we e s t a b l i s h  the s o l v -  
a b i l i t y  of s y s t e m s  of l i n e a r  equa t ions .  The  ob jec t ive  of  app ly ing  the n u m e r i c a l  me thod  c o n s i s t s  of the f o l l o w -  
lag:  in the c a s e  of l i n e a r  d e p e n d e n c e  of the c o l u m n  v e c t o r s  s l ,  s 2 . . . . .  s n we find one of the b a s e s  {~i~, 
si2, . . . , S ik}  (k < n; 1 < i l ,  i 2 . . . . .  i k -< n) of the l i n e a r  s p a c e  R '  (R' --~ R m) f o r m e d  by the co lumn  v e c t o r s  

. . . .  i v )  s l ,  s2 . . . . .  Srt [131. F o r  each  v e c t o r  s i (1 _ i _< n; i ~ i l ,  i 2 . . . . .  ik) we c a l c u l a t e  i ts  c o o r d i n a t e s  c (I- -< 
p _<_ k) to th is  b a s e :  

k 

(11) 
'v=l 

We next  d e t e r m i n e  w h e t h e r  the s y s t e m  of equa t ions  

sl xi = ~.-'1 (12) 
i~l  

is  s o l v a b l e  and in the a f f i r m a t i v e  c a s e  find a l l  so lu t i ons .  The  so lu t i ons  of the s y s t e m  (12) found by the l e a s t  
s q u a r e s  method  be low wi l l  be c a l l e d  " g e n e r a l i z e d  s o l u t i o n s . , '  F o r  the a p p l i c a t i o n  of th i s  method  to t h e r m o -  
a n e m o m e t r y  i t  i s  p a r t i c u l a r l y  i m p o r t a n t  to take  into accoun t ,  a l though a p p r o x i m a t e l y ,  the inf luence  of r a n d o m  
e r r o r s  of m e a s u r e m e n t  of the v e c t o r s  s i (1 _ i _< n + 1). We show how this  can  be done.  To begin  we a s s u m e  
tha t  s i j  a r e  found e x a c t l y .  Then  the n u m e r i c a l  method c o n s i s t s  of s u c c e s s i v e  so lu t ion  of p r o b l e m s  in a f o r m  
that  is  c l o s e  to the one under  c o n s i d e r a t i o n ,  fo r  e x a m p l e ,  in [13]: 

1) to beg in  M = ~ ,  h = 1. We choose  the index i 1 (1 _< i 1 _< n); 

2) Sih is  added  to M; 

3) fo r  e ach  i (1 < i _< n + 1; i r i l ,  i 2 . . . ih) we d e t e r m i n e  the c o e f f i c i e n t s  e (1 _< . _< h) in such  a way 
that  f o r  the v e c t o r  

h 

the quan t i ty  

h (v) ] 2 
= = i s , , _ 2  c, s ,v,  

j= t  'v=l 
(14) 

is  a m i n i m u m ;  
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4) only two c a s e s  a r e  poss ib l e :  

4a) h = n: s i ,  s2 . . . . .  s n a r e  l inear ly  independent ,  the computa t ion  p r o c e s s  is t e rmina t ed ;  

4b) h < n, two c a s e s  ex is t :  

4ba) f o r a l l i ,  when l _< i _< n, i ~ i l ,  i 2 . . . . .  ik, 

Q {h) 

holds ,  and R '  has  the d imens ion  k = h. V e c t o r s  f r o m  M f o r m  one of the b a s e s  of the space  R ' .  
fo r  the e x p r e s s i o n  (11) have been  found. The computa t ion  p r o c e s s  is t e rmina t ed ;  

4bb) a t l e a s t  o n e i  ( 1 _ < i _ < n ;  i ~ i l ,  i 2 ; � 9  . ~ih)  ex i s t s  f o r  which 

Q(h)  > 0 ;  

5) ik+ 1 is chosen  f r o m  na tu ra l  n u m b e r s  p f o r  which  

Q 7  ~ = m~x Q~' 
I ~ i ~ n  

i ~ i  I . . . .  i h 

is valid�9 Then  h is i n c r e a s e d  by one. The co_mpu~tion p r o c e s s  is continued f r o m  the point  2). It can  eas i ly  
be shown that k l inea r ly  independent  v e c t o r s  s i l ,  si2 . . . . .  Sik wil l  be found if and only if R ' has  the d i m e n -  
s ionaUty  k. 

(15) 
The coef f ic ien ts  

(16) 

(17) 

3 .  A p p l i c a t i o n  t o  a S y s t e m  o f  L i n e a r  E q u a t i o n s  

L e t { ~ , s 2 ,  �9 ,Sk} (k_< n) be one of the b a s e s  of the s p a c e R ' .  We denote 

z j = x j +  ~ c~/!x,, ( l~<]~<k);  
v = k +  ! 

(is) 

then (12) a s s u m e s  the f o r m  

k 

X sv zv = s--~_l, (19) 

w h e r e  xl ,  x2, . . . , x n is t h e s o l u t i o n  of th__.e s y s t e m  (12) if and only if z l ,  z 2 . . . . .  z k is the solut ion of the s y s -  
t em (19). Since the v e c t o r s  sl ,  s2 . . . . .  s k a r e  l inear ly  independent ,  the s y s t e m  (19) has  a unique solut ion if 
and only if Qn(k+)l = 0. If  Qn(k+)l = 0, then zj = e0)n+l (1 _< j <_ k) a re  this solut ion,  and f r o m  

c(.~,=x~+ ~ c~i)x,, ( 1 . . < . / < . k )  (20) 
~ , = k + l  

we can obtain all solutions Xl, x2, x n of the system (12). The quantities c (J) (1 < j < k) thus found in this 
�9 " '  ' n + l  - -  - -  

case are the solution of the system (12) (for k = n) or they are the values of linear combinations of the unknowns 
(for k < n). If Qn(k21 > 0, then the system (19) has a ,generalized" solution but no solution in the usual sense. 
In this case (12) also in the usual sense is unsolvable. If we consider (12) as a problem of linear regression 
then c G) in the case m > k can serve as estimates for xl, x 2. . . x n or as estimates of their linear combina- 

n + l  " ' 

tions (20) [6]. 

The knowledge of linear combinations is useful in many practical cases. For example, if we know the 
definite limits between which Xk+1, Xk+ 2 . . . . .  x n must be located, then from the expression (20) we can obtain 

the limits for xl, x 2 . . . .  , x k (see [11]). 

In the application to thermoanemometry, sij (1 -< i _< n, I _< j _<m) denote the sensitivity coefficients [see 

(1): (2), (5), (6)]. They are obtained as the right side of Sn+l, j [AF, F '2, see (1), (2)] by means of a series of 
successive measurements. The method is to be generalized with the aim of taking into account the random 
errors  of measurement, when answering the following question: does the expression (11) exist for-~ i and is the 
system (12) solvable or not solvable in the usual sense? For this we use certain rough approximations which 
give a tentative estimate, which, however, is convenient to apply, for the solvability of the system (12)with 
coefficients found with a certain accuracy. Below two somewhat differing variants are presented. 

1. sij (1 -< i _< n + I; 1 _ j _< m), strictly speaking, are realizations of the random quantities o-ij, while 
-si are realizations of the random vectors cr i. Fro~i the analysis of the method of measurement in a majority of 
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c a s e s  we can obtain an e s t i m a t e  5(sij)  f o r  the a c c u r a c y  of d e t e r m i n i n g  the quant i ty  sij  (see [14]). The  f i r s t ,  
n a t u r a l l y  rough  a s s u m p t i o n  is  p rov ided  by E (aij) = sij  and D(aij)  = [6(sij)] 2. We put 

m m 

1 E D ( ' ~ u ) -  1 -Z [6(sii)]2" (21) D(~ )  = -~-  m 
- i = l  i = l  

T h e  second a s s u m p t i o n  c o n s i s t s  of the fac t  that  ~qj and apj (1 _< j < m) f o r  p ~ q m u s t  be independent  r a n d o m  

quan t i t i e s .  F o r  a l i n e a r  c o m b i n a t i o n  (13) wi th  n o n r a n d o m  quan t i t i e s  c/u) ,  a c c o r d i n g  to (21), f r o m  the r e l a t ion  
f o r  d e t e r m i n i n g  the e r r o r  [5], [8] we can  obtain  the e x p r e s s i o n  

h h m 

-~ 1 Z (c}',)2 E [6(siv i)]2" (22) D (~i) = Z (c}v))* D (~'v) ---- m -  
"*'~I *, '=! ] = 1  

I f  we d e t e r m i n e  e~ v) in such  a way tha t  Qi (h) [see 0-4)] is a m i n i m u m ,  then a c c o r d i n g  to (21), (22), and (14) fo r  
each  i (1 _< i _< n + 1; i ~ it, i 2 . . . . .  ih) we can  compu te  the value 

. 

u } h ~ = _ , m i n / i / _  1_ Q}h)_I/-D(~; ) , / / ' ] ~ } h , _ ] ,  n(~,) �9 (23) 
t l ,  m ' V m r 

We a r r i v e  at the def in i t ion:  a vec to r  si  (I -< i ~ n + 1 ;  i ~ i i ,  i 2 . . . .  , ih) w i th in  the l im i t s  of measurement  
a c c u r a c y  can  be r e p r e s e n t e d  by the l i nea r  combina t i on  (13) of the v e c t o r s  s i l  , si2 . . . . .  s-'ih, if u. (k) _< 0. 

1 

2. T h e  second v a r i a n t  was  c o n s i d e r e d  in [14]. H e r e  ins tead  of the quant i ty  ui(h) , the value 

v~t') = V m l--h Q~) - -  ]" D ( ~ ) + D ( ~ )  (24) 

is  c o m p u t e d ,  and then,  jus t  as  ui(h) in the f i r s t  v a r i a n t ,  it is used fo r  the c o r r e s p o n d i n g  defini t ion.  

An app l i ca t ion  of these  v a r i a n t s  r e q u i r e s  the fol lowing changes  in the method p r e s e n t e d  above :  (15) m u s t  
be r ep l aced  by ui(h) -<0 or  v!n) _< 0; in (16)and (17), Qi (h) is subs t i tu ted  by ui(h) or  v.(h). 

1 

A p r o g r a m  in A L G O L w a s  s e t u p  f o r  the c o m p u t a t i o n s .  The r e s u l t s  of the ca l cu l a t i ons  s h o w e d a n  ins ign i f i -  
cant  d i f f e r e n c e  be tween  the two v a r i a n t s .  

The  s y s t e m  of equa t ions  (12) is c o n s i d e r e d  "so lvab le  within the l imi t s  of m e a s u r e m e n t  a c c u r a c y ,  in the 
ca se  of u (k) < 0 or  v {k) < e " " " n+l - n+t - 0 , ( ~ h  r e . k ,  d e t e r m k n a b i e  by the modif ied  me thod ,  is the "d imens iona l i ty , ,  of the 
space  R ' .  The  coe f f i c i en t s  c ~ l ,  cn~2+) 1 . . . . .  Cn~K+] a r e  c o n s i d e r e d  by us fo r  the g iven  m e a s u r e m e n t  a c c u r a c y  a s  
pos s ib l e  va lue s  fo r  the unknowns xl ,  x2, �9 �9 �9 , Xn or  t he i r  l i nea r  c o m b i n a t i o n s  (20). If the s y s t e m  of equat ions  
(12) is "not so lvab le  wi th in  the l imi t s  of m e a s u r e m e n t  a c c u r a c y , ,  then it is a s s u m e d  that  this  is  due to the s h o r t -  
comings  of the t h e o r e t i c a l  mode l  s e r v i n g  as  our  b a s i s  (for e x a m p l e ,  the l inea r  a p p r o x i m a t i o n  of the ca l i b r a t i on  
c h a r a c t e r i s t i c ) .  Then  we can  a t t e m p t  to obtain the solut ion  by m e a n s  of the app roved  mode l  (for e x a m p l e ,  a 
q u a d r a t i c  a p p r o x i m a t i o n  of the c a l i b r a t i o n  c h a r a c t e r i s t i c ) .  

E x a m p l e .  The  m a t r i x  (9c), when m e a s u r i n g  with a n o r m a l  t r a n s d u c e r  (7 = n / 2 ;  ~y = 17.9[~ a y  = 0, 15, 
30, 45, 60 [~ has  the f o r m  

0.006 x 1 -~ 0.293 x 2 - -  0.085 x 4 = 0.00820, 

0.004 x 1 + 0.283 x 2 '-- 0.017xn-- 0.070 x 4 = 0.01023, 

0.002 x 1 --? 0.258 x 2 @ 0.064 x z - 0 . 0 3 9  x 4 = 0.01618, 

0.219 x 2 + 0.140 x 3 -+- 0.005 x~ = 0.02494, 

0.011 x l+0 .171  x2-F 0.246 x 3 +  0.086 -':4= 0.03188. 

H e r e  6(sij ) = 0.012 f o r  1 _ < i _ < 4 ,  J._<j 
a -- = 0.017- 2, v/1) = 
0.013. 

(25) 

_<5; 5(s41 ) = 0 . 0 0 0 3 2  (1 < j  < 5 ) .  F o r i  l = 2 w i t h t h i s  method we obtain 
- 0 " 1 2 7 ~ 2 '  v'(Q4 = 0.052, ~'~ = 0.303-s'2, v~ t) = 0.106; ~'~ = +0.066s"  2, v[  1) = 

In a c c o r d a n c e  with (17) we choose  i 2 = 3 (h = 2): 

s]  = 0.010 s 2 +  0.022 sa, v~ 2) = --0.008, 

s 2 = - 0 . 2 8 9  72 + o.5s6 -;8, v,:, = -  o.oio, (26) 
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s~-= 0.031 ~2 + 0.113 sa, vg-" = 0.0003. 

The computation p rocess  is terminated.  The resul t  is k = 2; s 1 and s 4 within the limits of accuracy  of m e a s u r e -  
ments  are  represented  by the l inear  combinations (26) (since vi(2) _< 0, v (2) _< 0); the sys tem of equations (25) 

_ (2) < 0, then in conformity  is ~not solvable within the l imits  of measuremen t  accuracy"  (since v~ 2) > 0). If v 5 _ 
with the definitions given above ,  each quadruple x l, x2, x 3, x 4, e lements  of which possess  the p roper t i e s  

x2 ~- 0.010 x 1 -  0.289 x 4 = 0.031, x 3 .~ 0.022 x~ -~- 0.536 x 4 = 0.113,. 

could be called "within the l imits of measuremen t  accu racy"  a possible solution of the sys tem (25). 

N O T A T I O N  

Yi, Car tes ian  coordinates  r e f e r r ed  to the t r ansducer  (i =1 ,  2, 3) (see Fig. 1); zi,  Car tes ian  coordinates  
r e f e r r e d  to the flow (i = 1, 2, 3) (see Fig. 1); wi, velocity components in the sys tem zi (i = 1, 2, 3); v,  velocity 
vector ;  c, modulus of velocity vector ;  ay ,  fly, angles of at tack (see Fig. 1); 7, angle of inclination of the f i la-  
ment  (see Fig. 1); F,  d imensionless  output voltage of the anemometer ;  B(ay ,  fly), cal ibrat ion function (see [12]); 
B, re la t ive  value of the function B(ay ,  fly) (see [12]); n, index in the King law (see [12]); E ~ cal ibrat ion con-  
stant in the King taw (see [12]); Bw, cal ibrat ion constant;  ai ,  l inear sensit ivity coefficients  (i = 1, 2, 3); bij,  
quadratic sensit ivi ty coefficients  (i, j = 1, 2, 3); (-), t ime-averaged  value; ( )', pulsation component; (-), no ta-  
tion of quantities at the point of expansion of the approximation; 4(-)  = (-) - (*); (--), column vectors ;  xi (1 _< 
i < n), unknowns (see [12]); si (1 -< i _ n), column vectors  of coefficient  ma t r i ces  (see  [12]);-~n+1, vector  of the 
right side (see [12]) ; ] i j  (1 -< i _< n + 1, 1 _< j _< m), j - th  components of the vec tor  st; M, set of vectors ;  q), 
empty set; E (a), mathematical  expectation of a random quantity; D(a), var iance of a random quantity. 
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